Abstract. Let X 1 and X 2 be two compact strongly pseudoconvex CR manifolds of dimension 2n − 1 ≥ 5 which bound complex varieties V 1 and V 2 with only isolated normal singularities in C N 1 and C N 2 respectively. Let S 1 and S 2 be the singular sets of V 1 and V 2 respectively and assume S 2 is non-empty. If 2n − N 2 − 1 ≥ 1 and the cardinality of S 1 is less than twice that of S 2 , then we prove that any non-constant CR morphism from X 1 to X 2 is necessarily a CR biholomorphism. On the other hand, let X be a compact strongly pseudoconvex CR manifold of dimension 3 which bounds a complex variety V with only isolated normal non-quotient singularities. Assume that the singular set of V is non-empty. Then we prove that any non-constant CR morphism from X to X is necessarily a CR biholomorphism.
Introduction
CR manifolds are abstract models of boundaries of complex manifolds. Strongly pseudoconvex CR manifolds have rich geometric and analytic structures. The harmonic theory for the ∂ b complex on compact strongly pseudoconvex CR manifolds was developed by Kohn [Ko] . Using this theory, Boutet de Monvel [BM] proved that if X is a compact strongly pseudoconvex CR manifold of dimension 2n − 1, n ≥ 3, then there exist C ∞ functions f 1 , . . . , f N on X such that each ∂ b f j = 0 and f = (f 1 , . . . , f N ) defines an embedding of X in C N . Thus, any compact strongly pseudoconvex CR manifold of dimension ≥ 5 can be CR embedded in some complex Euclidean space. On the other hand, 3-dimensional strongly pseudoconvex compact orientable CR-manifolds are not necessarily embeddable. Throughout this paper, our strongly pseudoconvex CR manifolds are always assumed to be compact orientable and embeddable. By the classical theorem of Harvey and Lawson , , a strongly pseudoconvex complex embeddable CR manifold can be embedded in some C N and bounds a Stein variety with at most isolated normal singularities.
In the remarkable paper [Pi] , Pinchuk considered proper holomorphic maps of strongly pseudoconvex domains in C n that are smooth up to the boundary. (It was shown later in [Be-Ca] and [Di-Fo] that the smoothness assumption is satisfied automatically.) Pinchuk proved that such maps are locally biholomorphic. Moreover, he showed that a proper holomorphic self-map of a strongly pseudoconvex domain is biholomorphic. Since CR maps between strongly pseudoconvex boundaries extend to holomorphic maps of the corresponding domains, Pinchuk's results may be interpreted as rigidity statements about CR maps of strongly pseudoconvex compact hypersurfaces in C n .
In the present paper, we investigate rigidity properties of CR maps of general embeddable strongly pseudoconvex compact CR manifolds. Our starting point is the following result.
Proposition 1.1. Let X 1 and X 2 be two compact strongly pseudoconvex CR manifolds of dimension 2n − 1 ≥ 3 which bound complex varieties V 1 and V 2 in C N 1 and C N 2 respectively. Suppose the singular set S i of V i , i = 1, 2, is either an empty set or a set consisting of only isolated normal singularities. If : X 1 → X 2 is a non-constant CR morphism, then is surjective and can be extended to a proper surjective holomorphic map from V 1 to V 2 such that (S 1 ) ⊆ S 2 , −1 (X 2 ) = X 1 and :
As a corollary of Proposition 1.1, we have the following super-rigidity results for CR morphisms between strongly pseudoconvex manifolds. Corollary 1.1. Let X 1 be a compact strongly pseudoconvex CR manifold of dimension 2n − 1 ≥ 3 which bounds a complex variety V 1 in C N 1 with isolated normal singularities. Let X 2 be a compact strongly pseudoconvex CR manifold of dimension 2n − 1 which bounds a complex submanifold V 2 in C N 2 . Then there is no non-constant CR morphism from X 1 to X 2 .
For any compact strongly pseudoconvex embeddable CR manifold X, one can define a notion of geometric genus p g (X) which is a non-negative integer and is invariant under CR biholomorphism (see Definition 2.4, Proposition 2.2 and Remark 2.1 below). Proposition 1.2. Let X 1 be a compact strongly pseudoconvex CR manifold of dimension 2n − 1 ≥ 3 which bounds a complex submanifold V 1 in C N 1 . Let X 2 be a compact strongly pseudoconvex CR manifold of dimension 2n − 1 with either (i) geometric genus p g (X 2 ) > 0 or (ii) p g (X 2 ) = 0 and X 2 bounds a complex variety V 2 in C N 2 with a non-quotient singularity. Then there is no non-constant CR morphism from X 1 to X 2 . Remark 1.1. Proposition 1.2 is false if p g (X 2 ) = 0 and V 2 has only quotient singularities in the interior, as we can see from the following example. Example 1.1. Let B = {(x, y) ∈ C 2 : |x| 2 + |y| 2 < 1} and S = ∂B. In the notation of Proposition 1.2, let X 1 = S be the standard sphere and V 1 = B. Let σ : B → B be the map given by σ (x, y) = (−x, −y). Let V 2 be the quotient of V 1 by the cyclic group of order 2 generated by σ . Then V 2 is a strongly pseudoconvex variety with A 1 singularity {(z 1 , z 2 , z 3 ) ∈ C 3 : z 1 z 2 = z 2 3 }. The quotient map : V 1 → V 2 is given by (z 1 , z 2 , z 3 ) = (x 2 , y 2 , xy). Clearly sends X 1 surjectively onto X 2 = ∂V 2 and is a non-constant CR morphism. Proposition 1.3. Let X 1 and X 2 be two compact strongly pseudoconvex embeddable CR manifolds of dimension 2n − 1 ≥ 3. If there is a non-constant CR morphism from X 1 to X 2 , then p g (X 1 ) ≥ p g (X 2 ). Corollary 1.2. Let X 1 , X 2 be two compact strongly pseudoconvex embeddable CR manifolds of dimension 2n − 1 ≥ 3. If p g (X 1 ) < p g (X 2 ), then there is no non-constant CR morphism from X 1 to X 2 .
The following theorem says that if the codimension of X 2 is small and dim X 2 ≥ 5, then there is no non-constant CR morphism from X 1 to X 2 except CR biholomorphic maps. This rigidity phenomenon does not require any curvature assumption on X 1 or X 2 . Theorem 1.1. Let X 1 and X 2 be two compact strongly pseudoconvex CR manifolds of dimension 2n−1 ≥ 5 which bound complex varieties V 1 and V 2 with only isolated normal singularities in C N 1 and C N 2 respectively. Let S 1 and S 2 be the singular sets of V 1 and V 2 respectively and suppose S 2 is non-empty. If 2n − N 2 − 1 ≥ 1 and |S 1 | ≤ 2|S 2 | − 1, then every non-constant CR morphism from X 1 to X 2 is necessarily a CR biholomorphism.
Let X be a compact strongly pseudoconvex CR manifold of dimension 2n−1 embeddable in C N . We would like to know whether a non-constant CR morphism from X to X is necessarily a CR biholomorphism. If dim X ≥ 5, then Theorem 1.1 above gives us an affirmative answer so long as 2n−N −1 ≥ 1. If dim X = 3, the situation is more complex. In Theorem 1.2, a stronger result is proved without the assumption on the codimension of X in C N . Theorem 1.2. Let X be a compact strongly pseudoconvex CR manifold of dimension 3 in C N which bounds a complex variety V with only isolated normal non-quotient singularities. Assume that the singular set of V is non-empty. Then every non-constant CR morphism from X to X is necessarily a CR biholomorphism.
In the course of proving Theorem 1.2, we have proved the following theorem, which is of independent interest. Theorem 1.3. Let V be a 2-dimensional Stein space with only isolated normal singularities. Let : V → V be a holomorphic map from V to V such that −1 (S) = S, where S is the non-empty singular set of V. If : V − S → V − S is a covering map, then is a biholomorphism.
The proof of Theorem 1.2 does not work if p g (X) = 0 and V contains a quotient singularity. For such rational compact CR manifolds, Theorem 1.2 may still be true, and we make the following rigidity conjecture. Conjecture 1.1. Let X be a compact strongly pseudoconvex embeddable CR manifold of dimension at least 3. Then every non-constant CR morphism from X to itself must be a CR biholomorphism.
The following example shows that strong pseudoconvexity plays an important role in the above theory. Example 1.2. Let X 1 = {(x, y, z) ∈ C 3 : xy = z 2 , a|x| 4 + |y| 4 + |z| 4 = 0 } and X 2 = {(x, y, z) ∈ C 3 : xy = z 2 , a|x| 2 + |y| 2 + |z| 2 = 0 } where a is a positive real number. Let ψ : X 1 → X 2 be given by ψ(x, y, z) = (x 2 , y 2 , z 2 ). Then ψ is a surjective CR morphism from X 1 to X 2 , but ψ is not a CR biholomorphism. Note that X 2 is strongly pseudoconvex, but X 1 is only weakly pseudoconvex.
As another evidence to support our Conjecture 1.1, we have the following result which follows from Pinchuk's argument in [Pi] . Proposition 1.4. Let X be a compact strongly pseudoconvex CR manifold of dimension 2n − 1 ≥ 3. If X bounds a complex submanifold V in C N , then every non-constant CR morphism from X to X is a CR biholomorphism.
In Section 2, we shall recall some basic notions of CR manifolds. Propositions 1.1 to 1.4 and Theorems 1.1 to 1.3 are proved in Section 3.
Preliminaries on CR manifolds
Definition 2.1. Let X be a connected orientable manifold of real dimension 2n − 1. A CR structure on X is an (n − 1)-dimensional subbundle S of the complexified tangent bundle CT X such that
A manifold with a CR structure is called a CR manifold. There is a unique subbundle H of the tangent bundle T (X) such that CH = S ⊕ S.
Furthermore, there is a unique homomorphism J : H → H such that J 2 = −1 and S = {v − iJ v : v ∈ H}. The pair (H, J ) is called the real expression of the CR structure.
. . , L n−1 be a local frame of S. Then L 1 , . . . , L n−1 is a local frame of S and one may choose a local section N of T X which is purely imaginary, such that Theorem 2.1 (Boutet de Monvel [BM] ). If X is a compact strongly pseudoconvex CR manifold of dimension 2n − 1 and n ≥ 3, then X is CR embeddable in C N .
Although there are non-embeddable compact 3-dimensional CR manifolds, in this paper all CR manifolds are assumed to be embeddable in complex Euclidean space.
Theorem 2.2 (Harvey-Lawson , ). For any compact connected embeddable strongly pseudoconvex CR manifold X, there is a unique complex variety V in C N for some N such that the boundary of V is X and V has only normal isolated singularities.
Definition 2.4. Let X be a compact connected strongly pseudoconvex embeddable CR manifold of real dimension 2n − 1. Let V be the normal subvariety in C N such that the boundary of V is X. Let π : M → V be a resolution of singularities of V . The geometric genus of X denoted by p g (X) is defined to be dim H n−1 (M, O).
Proposition 2.2 ([Ya-Yu])
. Let X be a connected compact strongly pseudoconvex CR manifold of real dimension 2n − 1 and n ≥ 2. Suppose that X bounds a normal variety V ⊆ C N with isolated singularities Y = {q 1 , . . . , q m }. Let π : M → V be a resolution of singularities of V . Then the geometric genus p g (X) := dim H n−1 (M, O) is a CR invariant of X. In fact, let U be any strongly pseudoconvex neighborhood of Y . Then
where n is the sheaf of germs of holomorphic n-forms and L 2 (U −Y, n ) is the space of holomorphic n-forms ω on U −Y which are L 2 -integrable for some smaller neighborhood
Definition 2.5. Let (V , q) be a complex analytic variety with isolated normal singularity at q of dimension n. The geometric genus p g (V , q) of the singularity (V , q) is defined to be dim H 0 (U − {q}, n ) L 2 (U − {q}, n ) where U is any strongly pseudoconvex neighborhood of q. Proof of Proposition 1.1. Let φ 1 , . . . , φ N 2 be the component functions of . Then φ i as CR holomorphic function on X 1 can be extended onto a one-sided neighborhood of X 1 in V 1 . By Andreotti and Grauert ([An-Gr, Théorème 15]), φ i can be holomorphically extended onto V 1 −S 1 where S 1 is the singular set of V 1 . Since S 1 is either an empty set or a set consisting of only isolated normal singularities, φ i can be holomorphically extended onto V 1 .
We claim that (V 1 ) ⊆ V 2 . To see this, let f 1 , . . . , f k be the defining equations of V 2 , i.e. V 2 = {y ∈ C N 2 : f 1 (y) = · · · = f k (y) = 0}. Clearly * (f i ) = f i • is a holomorphic function on V 1 which vanishes on X 1 for 1 ≤ i ≤ k. Since X 1 is of real codimension one in V 1 , * (f i ) is identically zero on V 1 for 1 ≤ i ≤ k. This implies that (V 1 ) ⊆ V 2 . By the maximum principle, (X 1 ) ∩ (V 1 − X 1 ) = ∅. It follows that −1 (X 2 ) = X 1 and is a proper map from V 1 to V 2 . By the proper mapping theorem, (V 1 ) is a complex variety. We claim that dim (V 1 ) = n. If dim (V 1 ) < n, then for some q in (V 1 ), −1 (q) is a compact variety of dimension at least one sitting inside V 1 . This gives a contradiction since V 1 is Stein. As (V 1 ) ⊆ V 2 and dim (V 1 ) = n = dim V 2 , we have (V 1 ) = V 2 . It follows that (X 1 ) = X 2 . A local computation of J. E. Fornaess ( [Fo, Proposition 12] ) would apply to show that is a local biholomorphism near X 1 . (This was observed independently by Pinchuk [Pi] .) In particular, :
) is locally biholomorphic and hence is a finite covering. Let p ∈ S 1 and q = (p). We claim q ∈ S 2 . Suppose on the contrary that q is a smooth point in V 2 ; then maps a neighborhood U 1 of p to a neighborhood U 2 of q as a branch covering. Since p is a normal singularity, the punctured neighborhood U 1 − p of p is connected. On the other hand, the punctured neighborhood U 2 − {q} of q is simply connected because q is a smooth point. We conclude that | U 1 : U 1 → U 2 is one-to-one and onto. By the Hartogs extension theorem, the inverse map −1 | U 2 −{q} : U 2 − {q} → U 1 − {p} can be holomorphically extended onto U 2 . It follows that | U 1 : U 1 → U 2 is a biholomorphic map. This leads to a contradiction. Therefore (S 1 ) ⊆ S 2 and :
Now assume that S 2 does not have a quotient singularity. Let q be any point in S 2 . We need to show that −1 (q) ⊆ S 1 . If −1 (q) is not contained in S 1 , then there exists a smooth point q of V 1 in −1 (q). Recall that −1 (q) is a finite set. We can find an open neighborhood U of q which is biholomorphic to a domain in C n such that | U from U to the germ of (V 2 , q) is a branch covering with ramification locus {q }. By Theorem 1 of [Pr] , we conclude that (V 2 , q) is a quotient singularity. This is a contradiction.
Proof of Corollary 1.1. It follows immediately from the proof of Proposition 1.1.
Proof of Proposition 1.2. By Proposition 1.1, if there exists a non-constant CR morphism φ : X 1 → X 2 , then can be extended as a ramified covering map from V 1 to V 2 with ramification locus S 2 . Since V 1 is smooth, by the proof of Proposition 1.1, S 2 consists of only quotient singularities and hence the geometric genus of these singularities is zero. It follows that p g (X 2 ) = 0 in view of Remark 2.1(b). This leads to a contradiction.
Proof of Proposition 1.3. Let V i be a normal variety in C N i with only isolated singularities such that ∂V i = X i , i = 1, 2. Let S 1 and S 2 be the singular set of V 1 and V 2 respectively. Let : X 1 → X 2 be a non-constant CR morphism. In view of Proposition 1.1, can be extended to a proper surjective holomorphic map from V 1 to V 2 such that (S 1 ) = S 2 , and :
There is a natural map * :
.
is L 2 -integrable if and only if * (ω) is L 2 -integrable. Thus * is injective. Observe that −1 (S 2 ) − S 1 is a discrete subset in the smooth part of V 1 . By Hartogs' theorem,
Proof of Theorem 1.1. Let : X 1 → X 2 be a non-constant CR morphism. Proposition 1.1 says that can be extended to a proper surjective holomorphic map from V 1 to V 2 such that (S 1 ) ⊆ S 2 and : V 1 − −1 (S 2 ) → V 2 − S 2 is a covering map of degree d. For any q ∈ S 2 , we know that the punctured neighborhood of q in V 2 is (2n − N 2 − 1)-connected in view of a theorem of Hamm [Ha] . Since 2n − N 2 − 1 ≥ 1 by assumption, the punctured neighborhood of q is simply connected.
We claim that −1 (q) ⊆ S 1 . If −1 (q) is not contained in S 1 , then there exists a smooth point q of V 1 in −1 (q). Recall that −1 (q) is a finite set. We can find an open neighborhood U of q which is biholomorphic to a domain in C n such that | U from U to the germ of (V 2 , q) is a branch covering with ramification locus {q }. Since the punctured neighborhood of q in V 2 is simply connected, this implies | U is injective and hence | U is a biholomorphism. This leads to a contradiction because q is a singular point.
We have shown that −1 (q) = {q 1 , . . . , q d } ⊆ S 1 . Since |S 1 | ≤ 2|S 2 | − 1, by the pigeon-hole principle, there exists q ∈ S 2 such that −1 (q) = {q 1 }. Since the punctured neighborhood of q is simply connected, we conclude that the degree of the covering map :
Proof of Theorem 1.2. Let : X → X be a non-constant CR morphism. In view of Proposition 1.1 and the fact that the singular set S = {q 1 , . . . , q m } of V does not contain any quotient singularity, can be extended to a proper holomorphic map from V to V such that −1 (S) = S and : V − S → V − S is a covering map of degree d. Let π : M → V be the minimal good resolution of V such that the exceptional sets
A m i are normal crossing divisors. Consider the fiber product V × V M of the maps : V → V and π : M → V . Let 
Notice that π := π 1 • τ is a finite proper map which is a biholomorphism outside E := π −1 (S) = −1 (E) where E = E 1 ∪ · · · ∪ E m . Observe that E has exactly m connected components,
By the projection formula (cf. p. 34 of [Fu] , or p. 426 of [Har] )
The last inequality comes from the fact that * (
for all i, j . It follows that the branch locus of is contained in the singular locus of m i=1 E i , which is of dimension zero. As M is normal and M is smooth, : M → M is a covering map by purity of branch locus. Hence M is smooth and π : M → V is also a resolution of singularity. Thus if (q i ) = q j , then (V , q i ) and (V , q j ) are isomorphic as germs of singularities. This is because each resolution of (V , q j ) is a resolution of (V , q i ). Observe that π −1 1 (S) as a reduced analytic set is isomorphic to π −1 (S) via π 2 . The number of irreducible components of π −1 (S) is at least the same those of π −1 (S).
Let A 1 be an irreducible component of E and A 1 be an irreducible component of −1 (A 1 ). Then | A 1 : A 1 → A 1 is a covering map. Suppose that the degree of A 1 is d 1 . Observe that by the projection formula we have
Suppose that M is actually a minimal resolution of V , i.e. there is no rational curve with self-intersection number −1. By the Riemann-Hurwitz formula (see p. 218 of [Gr-Ha] ), g( A 1 ) > 0 if g(A 1 ) > 0. In view of (3.1), M has no rational curve with self-intersection number −1. Thus M is also a minimal resolution of V . It follows from the uniqueness of minimal resolution that the degree of is one.
If M is not a minimal resolution of V , then there exists a rational curve A 1 with selfintersection number −1. Let A 1 be an irreducible component of −1 (A 1 ). Then A 1 is smooth and | A 1 : A 1 → A 1 is a covering map. Let d 1 be the degree of | A 1 . Then χ T ( A 1 ) = d 1 χ T (A 1 ), where χ T is the topological Euler characteristic. Since the only curves with positive topological Euler characteristic are rational curves and their topological Euler characteristic must be 2, it follows that A 1 is a rational curve and d 1 = 1. In view of (3.1), A 1 · A 1 = −1. Because is a d-fold covering, −1 (A 1 ) has exactly d connected components A 11 , A 12 , . . . , A 1d , which are all rational curves with self-intersection −1.
By blowing down A 11 , A 12 , . . . , A 1d in M and A 1 in M, we obtain M 1 and M 1 respectively. The map 1 : M 1 → M 1 induced by is still a d-fold covering. After a finite number of steps, we get M k and M k where M k is the minimal resolution of V . Since the map k : M k → M k is still a d-fold covering, by our previous argument above, we conclude that d = 1.
Proof of Proposition 1.4. Let : X → X be a non-constant CR morphism. By Proposition 1.1, can be extended to a holomorphic covering map from V to V . Now we follow Pinchuk's argument in [Pi] . induces a homomorphism of the fundamental groups * : π 1 (V ) → π 1 (V ). It is clear that is biholomorphic if and only if * is an isomorphism. Clearly * is a monomorphism. We shall examine the iteration k = • k−1 . By the Montel Theorem, there exists a subsequence k i (i = 1, 2, . . .) which converges to : V → V uniformly on compact sets. Since V is a complex manifold with smooth boundary, its fundamental group has a finite number of generators ω 1 , . . . , ω . On each curve ω , k i converges to uniformly. Therefore for p sufficiently large, we have k p * = * . Hence * is a monomorphism. Now observe that * =
We conclude that k p+1 −k p * and consequently * is an epimorphism.
